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. , $x$ , $y$ .
. , ,
( ) .
$y=h(x)$ . , $h(x)$ $x$
, $L$ . $z=x+iy$ $f(z)=U+iV$ .
, $U$ , $V$ . , $z$
$- \frac{L}{2}\leq x\leq\frac{L}{2}$ $-\infty<y\leq h(x)$
.
$h(-x)=h(x)$
. , $U$ $V$ , $f(z)$ $z$







. , Bernoulli ,
$\frac{1}{2}|\frac{df}{dz}|^{2}+gh(x)+\frac{T}{m}K=$
. , $g$ , $T$ , $m$ . $K$
, :
, $f(z)$ $y=h(x)$







, Levi-Civita , .
, Hilbert Levi-Civita




$f( \sigma)=\sum_{k=1}^{+\infty}(a_{n}\sin n\sigma+b_{n}\cos n\sigma)$
Fourier . , $f$ Hilbert $Hf$ ,
$Hf( \sigma)=\sum_{k=1}^{+\infty}(-a_{n}\cos n\sigma+b_{n}\sin n\sigma)$ (1)
. ,
([24]):
$2\pi$ $\theta=\theta(\sigma)$ $p,$ $q$ , $\int_{0^{2\pi}}\theta(\sigma)d\sigma=0$
$e^{2H\theta} \frac{dH\theta}{d\sigma}-pe^{-H\theta}\sin\theta+q\frac{d}{d\sigma}(e^{H\theta}\frac{d\theta}{d\sigma})=0$ on $0\leq\sigma<2\pi$ , (2)
. ,
$p= \frac{gL}{2\pi c^{2}}$ , $q= \frac{2\pi T}{mc^{2}L}$
, . (2) Levi-Civita
. ,
$\frac{dx}{d\sigma}(\sigma)$ $=$ $- \frac{L}{2\pi}e^{-H\theta(\sigma)}\cos\theta(\sigma)$ (3)
$\frac{dy}{d\sigma}(\sigma)$ $=$ $- \frac{L}{2\pi}e^{-H\theta(\sigma)}\sin\theta(\sigma)$ (4)




Civita (2) , Levi-Civita
. ,
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$\bullet$ 2 $U(x, y)+iV(x, y)$ , Levi-
Civita 1 $\theta(\sigma)$ .




Levi-Civita , $p=0$ , $q=0$
, $0<P$ $0<q$ .
, Crapper 1957 .
$A\in(-1,1)$ .
$q= \frac{1+A^{2}}{1-A^{2}}$ , $\theta^{(c)}(\sigma)=-2\arctan(\frac{2A\sin(\sigma)}{1-A^{2}})$ .
, Crapper .
1 . , $|A|$
, $|A|$ ,
. , Levi-Civita $0<q$
( $q=0$ ).
, Levi-Civita
. ( $=$ )
, Levi-Civita




$p=0$ Levi-Civita Crapper ?
( ). ([27]) ,
$\bullet$ $p=0$ Crapper
, .
, $p=0$ . $p=0$
(2) 1 ,
$\frac{1}{2}\exp(2H\theta)+q\exp(H\theta)\frac{d\theta}{d\sigma}=\gamma$ (5)
. $\gamma$ . 1/2







. $f(z)$ , $f(z)$ , $f(O)$











$\theta_{N}^{(c)}$ , , , $2\pi$
$N$ , Crapper







$p$ $q$ . $(p, q)$
, (2) $\theta\equiv 0$





. , $(p, q)$ , . , 2
1 $(0<p, 0<q)$ . , 1
. $n=p+n^{2}q$ $m=p+m^{2}q$ $(m, n)$ 2
. , $n=p+n^{2}q$ ,
$n$ . 3 .
, , 1
: $n$ $<L/2$ $n$ $n$
. 2 2 : 2 $(m, n)$ ,
$2\pi$ $m$ $n$ .
, 2 , , , $m$ $n$
. Wilton[41] .
2 . .
Levi-Civita([16] ) $q=0$ Stokes




[5] [31] , .
,
$\bullet$ 2 2 ;
$\bullet$
;
. Crapper $(p=0)$ , $0<q$
$p$ .
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, Shoji [34] ,




$\sigma=\pi k/(N+1)(k=1,2, \cdots, N)$ $a(1),$ $a(2),$ $\cdots$ ,
$a(N)$ . Spectral-Collocation Method . 3 $(1,2)$ 2
. $p$ $q$ .
. 3
$a(1)+a(2)$ . , $a(1),$ $a(2)$ Fourier
. 3 . 4 .
4c) 2 . (Schooley [30]).












$(m, n)$ , . $(1, 4)$
$(p, q)=(0.8,0.2)$ . 7 $(p=$
0.76 ) . 4 2 2
. , 4 ( ) .
. 2 8 . 4 1
. $(2, 3)$ $(p, q)=(1.2,0.2)$





$(1,4)$ Aston[3] . ,





. , $p$ 3
([33]). 11 $p=1.36$ 3
.
9 4
Zufiria ([44]) 4 . ,
. Zufiria ,
.
Wehausen &Laitone [40] , Levi-Civita[16]






. , Zufiria 1 6 , Garabedian
. , Levi-Civita Garabedian $q=0$
. Levi-Civita











$q<0$ $q>0$ . , ,
( ).
$n=p+n^{2}q$ , $q<0$ .
. , $q<0$ “ “
. , ,
. , 120 .
( ) $q>0$ ,
([5,7,31]) . $q<0$ ?
$p$ 1.1 , . , 1
$q=-0.1$ , $q<-0.1$ . $q$
, $q$ $-3.0$ $\theta$ Fourier . 12 $P=$
1.1, $q=-3.0$ . Crapper ,




, . (limit wave $=$ highest wave)
. [1,2,11,13,19,23,37] .
Yamada[42] .
. [4,17,18,38] . ,
2 2 , 1 2
. . Tanaka[38]
. 1 2 , ( )




, $qarrow 0$ ,














, Crapper Kinnersley ([12])
. Jacobi . Levi-Civita
Struik[36] . Levi-Civita
: Hilbert
$Hf( \sigma)=\sum_{k=1}^{+\infty}\frac{1+r^{n}}{1-r^{n}}(-a_{n}\cos n\sigma+b_{n}\sin n\sigma)$
([24]). $r$ $0\leq r<1$ . $r=0$








[6] . Saffman Pullin overhang-
ing wave ([6] ) .
,
. Levi-Civita 2 Kotchine [14] .
$3$ .
Gerstner (Lamb[15] Art. 251
$)$ . ,
. , Moiseev [21] Zeidler [43] Gerstner
, . ,
, $\{\theta_{s} ; 0<s<1\}$ , $sarrow 0$
Gerstner , $sarrow 1$
, .
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1 . Crapper . a) $A=-0.2$ , b) $A=-0.414215$ ,
c) $A=-0.45467$, d) $A=-0.5$ . 0.414215 $\cdots<|A|$
$y=h(x)$ . 0.454670 $\cdots<|A|<1$
.
$H\theta(0)$
2 Crapper . $q=1,1/2,1/3,$ $\cdots$






3: $(1,2)$ 2 . a) $P=0.47,$ $b$ ) $p=$






4: . a) 2 [ 3 b)
], b) 1 [ 3 b) ], c)2
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7: $(1,4)$ . $p=0.76$ .
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10 : $(2,3)$ 2 . a) $p=1.2,$ $b$ )
$p=1.20003,$ $c$ ) $p=1.200033,$ $d$ ) $p=1.22$ . $\sin 3\sigma$
, $\sin 2\sigma$ .
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